Abstract: Let ≥ 2 be a fixed positive integer. We show for a wide variety of sequences { } ∞ =1 that for almost all the sum of digits of in base is at least log , where is a constant depending on and on the sequence. Our approach covers several integer sequences arising from number theory and combinatorics.
Introduction
For a positive integer ≥ 2 let us denote by ( ) the sum of digits of a positive integer when written in base . Lower bounds for ( ) when runs through the members of a sequence with some interesting combinatorial meaning have been investigated earlier. For example, it follows from a result of Stewart [14] , see also [9] for a slightly more general result, that in the case of Fibonacci numbers (namely, the sequence defined by F 0 = 0, F 1 = 1 and F +2 = F +1 + F , ≥ 0) the inequality (F ) > 1 log log log holds for all ≥ 3 for some positive constant 1 depending on . In [10] , it is shown that the inequality ( !) > 2 log holds for all ≥ 1, where 2 is some positive constant depending on . In [13] , it was shown that if we put
for the Catalan number and the middle binomial coefficient, respectively, then both inequalities (C ) > ε( ) log and (D ) ≥ ε( ) log (1) hold for running over a set with asymptotic density 1, where ε( ) is any function tending to zero when tends to infinity. In [12] , it was shown that there is some positive constant 3 depending on such that if we put
for the th Apéry number, then the inequality
holds for running over a set with asymptotic density 1. Some of the above results were superseded by the results from the recent paper [8] , where it is shown that if r = ( holds for almost all . Note that inequality (3) improves (1) for the case of the middle binomial coefficients B because C = S (r) for r = (2), as well as inequality (2) for the case of the Apéry numbers A because A = S (r) for r = (2 2).
In [11] , it is shown that if P is the partition function of , then the inequality (P ) > log 7 log log holds for almost all positive integers .
The proofs of such results use a variety of methods from number theory, such as elementary methods, sieve methods, linear forms in logarithms and the subspace theorem of Evertse-Schlickewei-Schmidt [4] .
In this work we focus on sequences { } ∞ =1 of positive integers with a certain growth, and show, independently of the combinatorial properties of the sequence, that ( ) > log for almost every element in the sequence, where is a positive number depending both on as well as on the sequence { } ∞ =1 . In particular, we concentrate on sequences satisfying the asymptotic behavior
where ( ) is a two times differentiable function satisfying ( ) 1/ for large . Many sequences arising in number theory and combinatorics fit into this scheme. The most basic one, the number of permutations of a set of elements is clearly a sequence of this kind, since from Stirling's approximation formula we have
The sequence = =1 ( 2 + 1) also has similar behavior:
)). It was proved in [3] that is a square only when = 3.
Other interesting sequences arising from combinatorics have more involved expressions, but they also fit into these hypothesis, see [5] for further details. Examples of them are the Bell numbers (which count the number of partitions of sets), involutions (which count the number of permutations of elements with either fixed points or cycles of length 2) and fragmented permutations (namely, unordered collections of permutations; in other words, fragments are obtained by breaking a permutation into pieces).
In graph enumeration, many important families also follow these asymptotic expressions: the number of rooted labelled trees with vertices and without restriction on the degree of the vertices (rooted Cayley trees) is equal to −1 . More generally, it is shown in [5] that families of rooted labelled trees with degree constraints satisfy asymptotic formulas of the form
where the subindex T indicates the considered constraint and the function T is given by
Very recently, many authors have shown that several families of labelled graphs satisfy similar formulas: Giménez and Noy [6] , see also [7] , proved that the number of labelled planar graphs with vertices follows an asymptotic formula of the form
where γ ≈ 27 22687. More generally, as it is shown in [2] , see also [1] , the number of labelled graphs which can be embedded in a surface of genus satisfies a very similar formula (with the same growth factor). See Table 1 for the asymptotics of these sequences.
Our main result gives a lower bound for ( ) for sequences of controlled growth described before.
Theorem 1.1.

Let { } ∞
=1 be a sequence of positive integers with asymptotic behavior
for some α > 0 and a two times differentiable function . For any base ≥ 2, the inequality
holds on a set of positive integers of asymptotic density 1.
It is a straightforward calculation to check that condition (5) holds for all the sequences in Table 1 , except for the Bell numbers which should be studied more carefully. We denote by B the th Bell number. In this case, the asymptotic estimate for B is given in terms of an implicit function = ( ) so the analysis of this particular case should be made in detail. More concretely, we obtain the following corollary, which will be proved in Section 3: 
Notation
We use Landau's symbols O and as well as the Vinogradov's symbols , and with their usual meanings. Recall that A = O(B), A B and B A are all equivalent to the fact that the inequality |A| ≤ B holds with some constant .
The constants implied by these symbols in our arguments might depend on the number . Furthermore, A B means that both A B and B A hold. We use 1 2 for positive constants depending on the number and the sequence { } ∞ =1 .
Proof of Theorem 1.1
Consider the following set of positive integers:
where β ≤ α will be chosen later. We need to show that # N ( ) = ( ) as → ∞, since afterwards the conclusion of Theorem 1.1 will follow by replacing by /2, then by /4, and so on, and summing up the resulting estimates.
For ∈ N ( ), we write = . From the definition of ( ), we immediately see that
where
Let D ( ) be the subset of all possible values for D( ), ∈ N ( ). Let us find an upper bound for the cardinality of this set. First observe that
The positive integers D = D( ) bounded by the right hand side of the above inequality have at most K = β log / log + 2 digits in base . As ∈ N ( ), the number of nonzero digits of D( ) is bounded by S = β log /(10 log ) , and as → ∞, where δ = β log (10 ( − 1))
log
It can be checked that δ < β/2 for all integers ≥ 2. Thus, we get that
Combining the fact that
)) with relations (6) and (7) we have
since ∈ [ /2 ) and β ≤ α by hypothesis. Taking logarithms, we get that
We now write
Observe that, with this notation, we have
and we must now bound the number of elements lying in each N D ( ).
For a fixed D ∈ D ( ) and depending on , to be chosen later, we take a look at the elements ∈ N D ( ). We say that is whenever β ≤ 2/3. Thus, if we choose β = min {α 2/3} it follows from estimate (8) that
which is what we wanted to prove.
Proof of Corollary 1.2
The study of Bell numbers requires a more detailed analysis. We start with the following estimate for B , see 
The number given in (11) satisfies = log − log log + (1) as → ∞, therefore
Combining Stirling's formula (4) with formula (13) 
We now obtain the asymptotic behavior of the second derivative of ( ). Observe that after differentiating we have 
